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Abstract: We study the K-group K\ of the group ring of a finite group over a coefficient 
ring which is p-adically complete and admits a lift of Frobenius. In this paper, we consider 
the image of K\ under the determinant map; the central tool is the group logarithm which 
we can define using the Frobenius lift. Using this we prove a fixed point theorem for the 
determinantal image of K\ . 
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1. Introduction 

In this article we begin a two part study of the K-group Ki(i?[G]) of a group ring R[G] 
for a finite group G, where the coefficient ring R is a p-adically complete ring. The study of 
Ki for such group rings, in the case where R is a p-adic ring of integers, played a crucial role 
in understanding the Galois structure of rings of integers of tamely ramified extensions of 
number fields, and, in particular, in the solution of the Frohlich conjecture. More recently 
there has been considerable interest in Ki of group rings with higher dimensional rings of 
coefficients in equivariant Iwasawa theory (see for instance [FK] , [K] and [RW] ) . The present 
paper, however, is principally oriented towards the study of the equivariant Euler charac- 
teristics of torsors of finite groups over arithmetic schemes. The use of the results of this 
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paper in this context will be discussed in more detail towards the end of this introductory 
section. 

Recall that, for an arbitrary (unital) ring S by definition we know that Ki(S) sits in an 
exact sequence 

1 -» E(5) -> GL(S) -» Ki(S) -> 1 
where GL(S') = limGL n (S') denotes the general linear group of S and E(5) denotes the 
subgroup of elementary matrices over S. 

Throughout this paper R will always denote an integral domain of characteristic zero 
with field of fractions N and iV c will denote a chosen algebraic closure of N. We then have 
a map, which we denote Det 

(1.1) Det : Ki(i2[G]) -» Ki(iV c [G]) = JJ N cx 

x 

where the direct product extends over the irreducible ./V c -valued characters of G. We write 
SKi(i?[G]) = ker(Det), so that we have the exact sequence 

(1.2) 1 -► SKi^fG]) -» Kx(R[G]) -> Det(Ki(i2[G])) -> 1. 

Wc shall seek to understand Ki(i?[G]) by firstly studying Det(Ki(i?[G])) in this paper (see 
Theorems II . 2\ [L~4l and [L5l below) ; then in [CPT1] we shall also use the results of this paper 
to study SKi(i?[G]). Our results for Det(Ki(i?[G])) will be obtained by a generalization of 
the group logarithm, as developed in [T] (see additionally [CR2] and [F]). See also R. Oliver's 
sequence of papers [01-4], which also contains his own independent description of the group 
logarithm. 

We let Det(GL(i?[G])) denote the image of GL(i2[G]) under the composition of surjective 
maps 

GL{R[G]) -» Ki(i?[G]) -» Det(Ki(i?[G])) 

so that by definition Det(GL( J R[G])) = Det(K 1 ( J R[G])). We let Det{R[G] x ) denote the 
subgroup of Det(GL(i?[G])) given by the image, under Det, of the subgroup i?[G] x = 
GLi(i?[G]) of GL(i?[G]) where as usual we view R[G} X as embedded in GL(i?[G])) by 
mapping such elements into the leading diagonal position. 

Hypothesis: Let p be a prime number. Throughout this paper, unless explicitly indicated 
to the contrary, we shall assume that: 

(i) R is an integral domain which is torsion free as an abelian group, 

(ii) the natural map R — > lim R/p n R is an isomorphism, so that R is p-adically complete, 

(iii) R supports a lift of Frobenius, that is to say an endomorphism F = Fr : R — > R 
with the property that for all r G R 

F(r) = r p mod pR. 

Unless stated to the contrary, we shall extend F to an i?-module endomorphism of R[G] 
by setting F(g) = g for all g € G. 
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Remark 1.1. a) As R is p-adically complete, then, since R[G] is a free -R-module of finite 
rank, R[G] is of course also p-adically complete. Note that for all s £ R the element 1 — ps 
has inverse Ylri=o(P s ) n so that the Jacobson radical of R necessarily contains pR. If {u n } is 
a p-adically convergent sequence of units converging to r in then r will be congruent 

to u n mod p for large n and so r is a unit; hence R[G] x is a p-adically closed subset of R[G] . 

b) If R is a formally smooth Tate algebra or dagger algebra then R possesses a lift of 
Frobenius (e.g see Theorem A-l on page 158 of [C]). The same is true for the Witt ring 
R = W(S) of a p-adic ring S. In fact, if S is p-adically complete and separated the same 
is true for R = W(S). If in fact, S is a perfect integral domain of characteristic p, then 
R = W(S) satisfies our hypothesis. 

Our first result is well known for semi-local rings (see Theorem 40.31 in [CR2]); we obtain 
this result for the very different class of rings R satisfying the above hypothesis: 

Theorem 1.2. Let R be as in the Hypothesis. The inclusion R[G] C GL(i?[G]) induces an 
equality 

Det(i?[G] x ) = Det(GL(i?[G])) := Det(Ki (#[£])) 

in the following two circumstances: 

(a) when G is a p-group; 

(b) when G is an arbitrary finite group and when R is additionally Noetherian and normal. 

In the paper [CPT1], and also in future applications, we shall be particularly interested 
in the completed K-groups 

K t (R[G}) = lim Ki(R/p n R[G}). 

From Proposition 1.5.1 in [FK] we know that, if all the quotient rings R/p n R are finite, 
then the natural map Ki(i?[G]) — > Ki(i?[G]) is an isomorphism. (See also the work of Wall 
in [Wl] and [W2].) Let SKi (R[G]) denote the closure of SKi(i?[G]) in Ki(i?[G]) and define 

rTW r»r™ r Det(GL(fl[G])) 
Det(K l( ^])) = hm Det(i+ ^ M(fi[G])) . 

Proposition 1.3. The natural map 

Det(Ki (.R[G])) -» Det(Ki(i?[G])) 

is an isomorphism and the homomorphism Det gives an exact sequence 

(1.3) 1 -» $Ki(R[G}) -» Kx(R[G]) -> Det(Ki(i?[G])) -» 1. 

The most important tool in our study of Ki for p-adic group rings is the group logarithm 
(defined in £ j3,ap . We denote by G ab the abelianization of G. Also denote by I(R[G}) the 
kernel of the augmentation map R[G] — > R and by ^4(i?[G]) the kernel of the natural map 
from R[G] to i?[G ab ]. The following two results are both proved using this technique: 
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Theorem 1.4. Let G be a p-group. Let Cq denote the set of conjugacy classes of G 
and let (ft : R[G] — ► R[Cq] be the R-linear map induced by sending each element of G to 
its conjugacy class. The images cp(A(R[G])) , (p(I(R[G])) are finite free R-modules with 
<t>(A(R[G\)) C <f>(I(R[G\)) c R[C G }. 

a) There is an exact sequence 

1 c/)(A(R[G})) -!U Det{R[G] x ) -> i?[G ab ] x -» 1 

where the right-hand map is induced by passage to quotient and the left-hand map /i is 
induced by the inverse of the group logarithm map described in Section 

b) There is an exact sequence 

Det(i?[G] x ) <P(I(R[G})) - _ fl 0z p G ab - 0. 

where // zs induced by the group logarithm map. The composition fj,' ■ fi is the inclusion 
<j>(A(R[G}))^ct>(I(R[G}))- 

For a number of our results which concern an arbitrary finite group G we shall need to 
impose the extra condition that R is a Noetherian, normal ring. 

Theorem 1.5. Let S be an integral domain which contains R and which also satisfies the 
standing Hypothesis. (But note that we do not need to suppose that Fs\r = Fr.) Suppose 
further that S and R are Noetherian normal rings; that S is a finitely generated free R- 
module; that the field of fractions of S is a Galois extension of N with Galois group A which 
acts on S with the property that 5 A = R; and that the trace map Tr : S — > R maps S onto 
R. Let G be an arbitrary finite group and let A act coefficientwise on Det(S*[G] x ); then 

Det(GL (£[£])) A = Det(GL(fl[G])). 

This completes our brief summary of our results pertaining to the determinantal image of 
Ki(i?[G]). Next we give a flavour of some forthcoming arithmetic applications of the above 
results. Consider a finite group G, a normal two dimensional scheme Y which is projective 
and flat over Spec(Z), and a G-cover tt : X — > Y with the property that X is a G-torsor 
over Y. To such a cover we can associate a projective Euler characteristic RT(X, Ox) in 
C1(Z[G]) the projective classgroup of Z[G]. This class is constructed by finding a perfect 
Z[G]-complex, which is quasi-isomorphic to a Cech complex for Ox, which thus calculates 
the cohomology of Ox ■ One then forms the alternating sum of the classes of the terms in the 
perfect complex; see [CE] for details. We now indicate briefly how the results of this paper 
may be used in studying such projective Euler characteristics. For ease of presentation we 
cast our discussion in terms of the Zariski topology, although in practice one will usually 
work with formal neighbourhoods. 

Suppose that U = {Ui} is an affine cover of Y; we write Uij = Ui PI Uj, Uijk = UiH Uj n Uk 
and Ui = Spec(.Rj), Uj = Spec(Rij), Ujk = Spec(Rijk). Refining the cover U if necessary, 
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we can find local bases {e{\ of (^*Ox)(Ui) over Ri[G], so that 

{^Ox){U t ) = Y {Ui)[G}ei = Ri[G]ei- 

we can then write = with Ajj € Rij[G] x . The sheaf n*Ox is said to have special 

Oy [G]-structure if we can find a cover U with all the Det(Ay) = 1; this then implies that the 
image of Xij in Ki(Rij[G]) actually lies in SKi (Rij [G] ) . We say that tt*Ox has elementary 
Oy[G]-structure if we can find a cover U so that each Ay has trivial image in Ki (Rij [G] ) ; 
this then means that the \j (viewed in GL(Rij[G})) lie in the group of elementary matrices 
E(i?jj[G]). The importance of elementary structure is that it allows us to form a second 
Chern class as follows. For each triple i, j, k we have the corresponding Steinberg sequence 
(see for instance Theorem 5.1 in [M]) 

1 -> K 2 (R ijk G]) -» St(R ijk [G]) -» E(i2y fc [G]) - 1. 

We choose a section s : E(i2yfc[Gr]) — > St(i?jjfc[G]); and we then define the 2-cocycle 

z(i,j,k) = siXj^siX^MKk) G K 2 (R ljk [G]). 

The z(i,j,k) then define a Cech representative for a Zariski cohomology class c 2 in the 
group H 2 (y, K 2 (Oy [G])) which is an equivariant second Chern class for ir*Ox- Because we 
have put out ourselves in the situation in which the image of Ajj in Ki(i?j, [G]) is trivial, 
the natural first Chern class c\ £ H 1 (l", Ki(Oy [G])) is trivial. The crucial importance of 
this construction is that there is a Riemann-Roch theorem which enables us to calculate the 
Euler characteristic KT(X,Ox) from the knowledge of the first and second Chern classes 
of ir*O x . (See [CPT2].) 

We can now explain the role of the results of this paper in this program: indeed they 
enable us to show that, under certain circumstances, the G-torsor X has special and indeed 
even elementary structure. For the sake of simplicity suppose now that the group G is 
perfect. To each local basis ej we associate the resolvend 

g€G 

where Si = (tt^Ox)^^ is a finite -Rj-algebra. We note that for h E G we have 

h(r(ei)) = ^2 hoie^g' 1 = r(ei)h. 

g&G 

Since G is perfect, we have Det(/i) = 1 and so 

h(Det(r(e t ))) = Det(r(ej)/t) = Det(r(eO) • Det(/i) = Det(r(e 4 )). 

Thus Det(r(ej)) is fixed by G. Note that here G acts on Ki(Si[G]), and hence on Det(Si[G] x ), 
by its action on the ring Si ; that is to say the G-action is induced via the action of G on the 
coefficients in the group ring Si[G). If we can establish a suitable fixed point theorem, such 
as in Theorem 11.51 then we can deduce that Det(r(ej)) = Det(Aj) for some Aj S Ri[G] x . If 
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we then replace the bases {e^} by the bases {A^ e^}, then Det(r(ej)) = 1. Since it is easily 
verified that 

Det(r(e;)) = Det(A ii )Det(r(e i )) 

it will follow that Det(Ajj) = 1 and we shall thereby have exhibited a special structure. At 
this point we will know that the image of Ajj in Ki(Rij[G]) actually lies in SKi (R^j [G] ) . The 
approximation theorems on SKi of group rings, which will be shown in [CPT1], can then 
enable us to re-choose our bases to ensure that in fact A^- has trivial image in Ki (Rij [G] ) , 
and so we finally get our desired elementary structure. 

We conclude this Introduction by briefly describing the structure of the paper. In Section 
[2] we recall some standard techniques and results from K-theory. Section [3] lies at the heart 
of this paper: here we introduce the group logarithm, which is a key-tool for our study of 
Ki; we then use this tool to prove Theorems 11.41 and 11.51 for p-groups. The proofs of some of 
the elementary properties of the group logarithm in Section [3] are relatively straight forward 
generalizations of the corresponding results for the case when R is a non-ramified ring of 
p-adic integers; for such results we either sketch the proof (for the reader's convenience) 
or make reference to the existing literature. However, in order to work with the far more 
general family of coefficient rings R, satisfying the Hypothesis, many aspects of the theory 
now become either quite different or at least considerably more subtle. One of the most 
striking new features concerns the determination of the image of the logarithm. To give 
a flavor of the key-idea here consider the case when the group G is an abelian p-group 
(see 3.d for full details). Varying from the above stated convention, we extend the lift of 
Frobenius F on R to a lift of Frobenius of the group ring i?[G], by stipulating that F is 
the p-th. power map on G; there is then a natural extension of F to the cotangent space 
(at zero) of R[G] with the property that d ■ F = pF ■ d. In this special situation the group 
logarithm is just the composite map (p — F) dog; thus the differential of the group logarithm 
is d{p — F) ■ log = p(l — F)dlog and so the cokernel of the differential of the group logarithm 
in p times the cotangent space is given by the group of coinvariants of F. 

The remainder of the paper concerns the use of induction techniques for reducing the 
proof of our main results to the corresponding result for p-groups. For this we use the 
method of character action, due in origin to Lam (see [L]), together with Brauer induction. 
These methods are introduced in Section [SJ We then apply these techniques to determinants 
in Section [6l where we complete the proofs of Theorems 11.21 and 11.51 

2. Generalities 

2. a. Some K-theory. In this subsection we gather together a number of standard results 
that we shall need in later sections. 

Let S denote an arbitrary unitary ring and we write M(S') = lim(M n (6')) where M n (<S) 
stands for n x n-matrices with entries in S. Let I denote a two-sided ideal of S which is 
contained in the Jacobson radical of S; let S = S/I. Since all the diagonal entries of a 
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matrix x G 1 + M n (J) are units, by left and right multiplying by elementary matrices we 
can bring x into diagonal form with unit entries. Thus x is invertible and so 

1 + M(J) = GL(5, 1) d = n ker(GL(5) -> GL(S)). 

Note that GL(S) maps onto GL(5), since given x € GL n (5) with inverse y, then for lifts x, 
y G M n (S*) we have xy G 1 + M n (J) and so x is invertible. 

We have the long exact sequence of K-theory (see for instance page 54 of [M]) 

(2.1) K 2 (S) ^ K 2 (S) -> Ki(S, /) -> Ki(S) ^ Ki(S) -> 

with gi surjective since GL(5) maps onto GL(5). We let E(S, 1) denote the smallest normal 
subgroup of the group of elementary matrices E(S) containing the elementary matrices e%j{a) 
with a & I. Then we know (see for instance page 93 in [R]) 

GL(5, /) 



Ki(5,I) 



E(S,I) 



Under certain circumstances we shall wish to show that q 2 '■ K^S) — > K^-f?) is surjective 
(see for instance 2.3.1). With is in mind we note that by (|2.1[) q 2 is surjective if and only if 
Ki(5, 1) — > K\(S) is injective, and this is the case if and only if 

(2.2) GL(S,I)nE(S) = E(S,I). 

Recall also from [R] loc. cit. that E(S,I) is a normal subgroup of Gh(S) and 

(2.3) [GL(5),E(5,i)] = (E(5),E(5, 1)} = E(S, I). 
Lemma 2.1. Suppose i = l+ AGl + M n (J) = GL n (8, 1). Then 

(::-OKoO(-)(o"" A )(;°r(--) 

Zies in E(S, I). 

Proof. See page 94 in [R]. □ 
Lemma 2.2. faj H^e have the inclusion 

(2.4) [GL(S),l + M(7)]cE(S,i); 

(b) given g G GL(5, 1), i/iere exist ei, e 2 G £(5,1), and x G 1 + 1 such that g = e\5{x)e 2 
where 5(x) is the diagonal matrix with leading term x and with all non-leading diagonal 
terms equal to 1; thus in particular 

GL(S,I) C (E(S,I),(1 + I)) 

where we view 1 + 1 C S x C GL(S r , I) as previously. 
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Proof. We consider terms of the form x = yry 1 r 1 with r G GL n (5) and y G l + M n (I); 
then we note that 



(2.5) 



yry r 1 
1 




Now by the previous lemma we know that 

( y o 

V y- 1 



GE(5,J). 



Thus the first right-hand term in (12. 5|) lies in ~E(S,I), and the product of the last three 
right-hand terms also lies in ~E(S,I), since E(S,I) is normal in GL(5) hence x G E(S,I) as 
required. 

To prove (b) consider g G GL(5, 1). First we note that, as E(5, J) C GL(5, 7) right and 
left multiplication of 3 by elements of E(5", I) yields another element GL(S', I). As explained 
at the start of this section, by multiplying g on the right and left by elements of E(S', I) we 
may obtain a diagonal matrix all of whose terms are congruent to 1 mod I; we can multiply 
this matrix by elements of the form given in Lemma |2. II to obtain a diagonal matrix all of 
whose terms, except the leading term, are 1. □ 

2.b. p-adic computations. In this section we consider various forms of the p-adic loga- 
rithm. By definition this logarithm involves certain denominators. In Section 3 we shall 
use the lift of Frobenius and the Adams operation ip p to define an integral logarithm, which 
eliminates these denominators. 

Recall that we write N for the field of fractions of R and Cq denotes the set of conjugacy 
classes of the finite group G. Let N[Cq] denote the free iV-vector space on Cq, and write 
4> '■ N[G] — > N[Cg] for the iV-linear map obtained by mapping each element of G to its 
conjugacy class. 

Let J denote a two-sided ideal of R[G] with the property that for some positive integer 
m, J' m C pR[G]. Thus the p-adic logarithm yields a map 

log: 1 + J^N[G]; 

moreover, for n > 1, we have the p-adic logarithm map 

log(l +p n R[G])Cp n R[G}; 
and for n > 2 we have the (two-sided) inverse map 

exp :p n R[G] ^l+p n R[G}. 

Note that if T : R[G] — ► GL n (i?(S>z p is an integral representation of G with character 

X, then for x G 1 + J we know that for large enough N, x pN = 1 mod pR[G] and so 
Det x (x) pN = 1 mod pR <8>z p Z p [£]; therefore the usual p-adic logarithm log(Det x (a;)) is 
defined in N ® Zp Z p [£]. 
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Lemma 2.3. Suppose x £ 1 + J and that x is an U character of G with the property that 
log (Det x (x)) = 0. Then Det x (x) pM = 1 for some positive integer M . 

Proof. Suppose first that x is the character of an integral representation T as above. 
Then we know that Det x (x) pN+1 = 1 mod p 2 R®z v Z p [C]; however, we have seen that log is 
a bijection on 1 +p 2 R (g>z p Z p [£] and so Det x (x) pN+1 = 1. Since monomial representations 
are such integral representations, we have now proved the result for the characters of mono- 
mial representations. The result for general characters then follows by Brauer's induction 
theorem. □ 

Proposition 2.4. The map c^olog is a homomorphism and there is a unique homomorphism 
v which makes the following diagram commute 

1 + J ^ Det(l + J) 

N[C G ] 

where the diagonal map is 4> ° log- For n > 2, v induces isomorphisms 

Det(l + p n R[G\) ^ p n R[C G ], Det(l + p n J) ^ p n (j>(J). 
Proof. For x £ 1 + J and for a character x of G 

X o 4> o log (x) = log (Det x (x)) . 

Thus for y € 1 + J 

Xo0olog(xy) = log (Det x (sy)) = log (Det x (x)) + log (Det x (y)) 

= X 4> log (x) + x ° (f> ° log (y) 

and, since evaluation on all the irreducible characters of G is injective on N[Cg], this indeed 
shows that o log is a homomorphism. 

Suppose now that Det(x) = 1; then x G ker(</> o log) and this demonstrates the existence 
of a unique homomorphism v which makes the above diagram commute. 

To see that the restriction of v to Det(l + p n R[G]) is an isomorphism for n > 2, we 
show that the kernels of the restrictions eft o log and Det actually coincide. Note that if 
x € ker(^ o log), then for each x we know by the above that log(Det x (x)) = 0, and so by 
Lemma 12.31 it follows that a p-power of Det x (rc) is equal to one; however, each 

Det x (x) = 1 mod p n 

and so, because n > 2, we can deduce that Det x (x) = 1, as required. The argument for 
Det(l +p n J) is entirely similar. □ 

Lemma 2.5. For n > 2 and for x E (1 + p n R[G]) H ker(Det), there exists an element y in 
[R[G] X , l+p n R[G]} so that 

x = y mod p n+1 R[G]. 
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Proof. Put x = 1 + p n X. Since Det(x) = 1 we know by the above that eft o log(x) = 0, 
and so log(x) = log(l +p n X) can be written as 

P^KAd-hgh- 1 ). 

g,h 

Since log(x) = p n X mod p n+1 R[G], we have the congruence mod p n+1 R[G] 

x = 1+p n x = 1 + log(x) = 1 + J2P n K,h(9 ~ hgh- 1 ) = Hlh, l- P n X' 9ih g] 

g,h g,h 

which gives the required result. □ 

2.c. Some proofs. We write R n for the quotient ring R/p n R and we now apply the results 
of gZiwith S = M(R n+1 [G]) and / = p n M(R n+1 [G}) . 

2.c.l. The surjectivity of K2(R n +i[G]) — > ~K-2(Rn[G]). The following result does not require 
R to have a lift of Frobenius. 

Proposition 2.6. For n > 2 the natural map K2(R n +i[G]) — > K2(R n [G]) is surjective. 

Proof. In the following we shall abbreviate GL(i? n+ i [G] , p m R n +i [G] ) to GL(R n+1 [G] ,p m ). 
By (12. lp and (12. 2|) above, it will suffice to show 



GL(R n+1 [G],p n ) n [GL(i? n+1 [G]),GL(i? n+1 [G])] C E(R n+1 [G],p n ), 

since by the Whitehead Lemma [GL(R n+ i[G]),GL(R n+ i[G])] = E(R n+ i[G]). Consider an 
element x of the left-hand side. We may then choose 

x e GL(R[G],p n ) n [GL(R[G]), GL(R[G])] 

with the property that x mod p n+1 = x. By Lemma [2. 21 (b) we can find e\, e% G Fi(R[G],p n ) 
such that x = e\de2 with G (1 +p n R[G]) nker(Det). So by Lemma 12.51 d is congruent 
mod p n+l to an element of [R[G} X , 1 +p n ii[G]] and Lemma l2.2( a) shows that this element 
lies in E(R(G),p n ). □ 

2.C.2. Proof of Proposition f"Ol We must show that the natural map 

Det(GL(i?[G])) 



9 : Det(GL(i?[G])) -> Det(GL( J R[G])) = lim • 



Det(l+p"M(«[G])) 
is an isomorphism. 

Let N' denote a sufficiently large finite extension of N with the property that 

K X (N'[G\) = Det(GL(iV' [G])) = J]iV /x . 
Since Y[ N' x is p-adically complete, we know that 

n n Det(l+p n M(ii[G])) = {1} 
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and so 9 is certainly injective. To show that the image of 6 is surjective, consider a coherent 
sequence 

It will suffice to show that {d n } converges to an element d £ Det(GL(i?[G])). To this end 
we consider the sequence {d' n } = {dnd^ 1 } for n > 2. We then use Lemma \2~2\ (b) to deduce 
that for n > 2 

Det(l +p n M{R[G])) = Det(l +p n R[G}) 

and by Proposition 12.41 the map v of gives an isomorphism Det(l + p n R[G]) = p n i?[Cc]; so 
that we now have isomorphisms 

5 n : Det(l + p n M(R[G})) ^p n R[C G \. 

It therefore follows that the sequence {$2{d' n )} is a Cauchy sequence in p 2 R[Cg], which 
converges to an element x £ p 2 R[Cc]- The desired element d is then given by c^&T O^)- 

It now remains to construct the exact sequence (11. 3p . First we note that by definition 
SKi(i?[G]) is the inverse limit of the images of SKi(i?[G]) in the groups Ki(i? n [G]), which 
we denote by SKi(R[G]) n . By the localisation sequence (|2.ip we know that 

K(B \C\\- J^ML 
Kl{Rn[G]) - K^G]^) 

and by Lemma 12.21 (b) this is given by the image of GL(i?[G]) modulo the image of 
1 + p n M(R[G]). Thus if we write SKi(i?[G],p n ) for the intersection of Ki(R[G],p n ) and 
SKi(i?[G]) then we have a commutative diagram with exact rows: 

1 -» SK 1 (R[Q\,p n ) -» Ki(i?[G],p") -» Det(l +p n M(i?[G])) -» 1 
1 -» SKi(i?[G]) -» Ki(i?[G])) -» Det(GL(i?[G])) -> 1 

J, J, J, 

1 -> SKx(i?[G]) n KiCi^lG]) -> Det(GL( J R[G]))„ -> 1 

where we write Det(GL(i?[G]))„ for quotient of Det(GL(i2[G])) by Det(l + p n M(R[G})). 
We then take the inverse limit of the bottom exact row; noting that the the inverse limit of 
the SKi (R[G]) n affords a surjective system, we obtain the desired exact sequence (|1.3p . □ 



3. The group logarithm and determinants for p-groups 

3. a. The group logarithm. In this subsection we introduce and develop the group log- 
arithm which is a fundamental tool for studying the determinants of units of p-adic group 
rings. Many of the proofs of the results we give in this subsection are comparatively rou- 
tine extensions of the corresponding results for group rings whose coefficients are rings of 
integers of p-adic fields (see for instance [T], [F], [CR2] and [02]); when this is the case we 
shall confine ourselves to giving a brief idea of the proof (for the reader's convenience) and 
provide a precise reference for the result over a p-adic ring of integers. 
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Recall that F denotes a lift of Frobenius on R. We let G denote a finite p-group, and 
I(R[G]) denotes the augmentation ideal of the group ring R[G]. Recall also that for a left 
Artinian ring, the Jacobson radical is a nilpotent ideal (see for instance 5.15 in [CR1]); 
so, because I(F P [G]) is the Jacobson radical of the Artinian ring F P [G], it follows that 
we can find a positive integer iV such that I(F P [G]) N = 0. Recall R is torsion free; so 
I(R[G}) = R ■ I{Z p [G}), and it therefore follows that 

(3.1) I(R[G]) N C pR[G]. 

Proposition 3.1. (a) Suppose Det(x) £ Det(GL n (i?[G])) has the property that 

Det(x)(l G ) = 1, 

where 1q denotes the trivial character of G. Then 

Det(x) G Det(GL n (i?[G]),/(i?[G]))) = Det(l + I(R[G})). 

(b) We have Det(GL n ( J R[G])) = Det(i?[G] x ) and this proves Theorem{TE (a). 

Proof. Let e : R[G] — > R denote the augmentation map, and for each n > 1, let 
T n : GL n (R[G]) — > GL n (R) be the representation induced by e. Then we have the split 
exact sequence 

1 - GL n (R[G],I(R[G])) C GL n (R[G}) ^ GL n (R) 1. 

By hypothesis Det(T n (a;)) = 1 and so, if we put y = x ■ T n (x _1 ), then T n {y) = l n , and 
therefore y G GL n (R[G], I(R[G])) and (a) follows since Det(x) = Det(y). To conclude the 
proof of (a), we use the fact that, since I(R[G]) is contained in the Jacobson radical of 
-R[G], by Lemma 12.21 (b) we know that 

Det(GL n (i?[G], I(R[G]))) = Det(l + I(R[G])). 

Part (b) follows from the exact sequences: 

1 -» Det(GL n (R[G], I(R[G]))) -» Det(GL„( J R[G])) -> Det(GL n ( J R)) -f 1 

T T T det" 1 

1 -» Det(l + 1 (R[G})) -» Det(i?[G] x ) -»• R x 1 

The right-hand vertical map is an isomorphism, its inverse being given by the determinant 
for matrices over the commutative ring R; we have just seen that the left-hand vertical map 
is an isomorphism; so finally we deduce that the middle vertical map is also an isomorphism. 
□ 

Define the F-semi-linear map VP : R[G] — > R[G] by the rule that ^f(rg) = F(r)g p ; as 
previously <fi : R[G] — > R[Cg] denotes the i?-linear map given by sending each group element 
to its conjugacy class. Write ^ : R[Cg] — > R[Cg] for the i^-semi-linear map induced by ^f. 

We now define the group logarithm 

£:1 + I(R[G])^N[C G ] 
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by the rule that for x £ I{R[G\) 



(3.2) 



C(l-x) 



(p - *)«^((log(l - x))) = 0((p - tf)(log(l - x))) 




which is seen to converge to an element of N[Cq] by (|3.ip . Note that the map C = Cp 
depends on the chosen lift of Frobenius F\ we shall therefore have to be particularly careful 
when using such group logarithms for different coefficient rings which may well have different 
lifts of Frobenius. 

Lemma 3.2. For a character x of G and for x £ I(R[G]) 



where i{j p denotes the pth Adams operation on virtual characters of G, which is defined by 
the rule (ip p x)(g) = x{9 p )- 

Proof. The key point here is that the logarithm of the determinant is the trace of the 
logarithm, as seen in the proof of Proposition 12. 4| for full details see Proposition 1.3 on 
page 53 of [T]. □ 

Corollary 3.3. //Det(l + x) = I, then 0(log(l + x)) = 0, and so C{l + x) = 1. Thus there 
is a unique map 



such that C = v o Det. 

By a slight abuse of language, we will sometimes also refer to v as the group logarithm. 
Proof. For such x we know from the proof of Proposition 12.41 that we have 



x(<K(log(l + x)))) = log(Det(l + x)( X )) 



and 



X (C(l + x)) = log [Det(l + x)(px)Det(l + F{x)){-^ X )] 



u : Det (1+ 1 (R[G})) ^ N[C G ] 



^((log(l + ar))) = 0; 



hence 



£(1 + x ) = (p- *) 0olog(l + x) = 0. □ 



We now show that the group logarithm is an integral logarithm. 



Theorem 3.4. (a) We have the inclusion 



C(l + I(R[G]))C P <P(I(R[G])). 



(b) IfG is abelian, then C(l + 1 2 (R[G\)) C P I 2 (R[G}). 
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We only provide a sketch of the proof. (See Theorem 54.5 in [CR2] and Theorem 16 in 
[F] for details.) We rewrite the right-hand side of (|3.2p as 

^— ^ px n ^px np \ s -^^(x T 

^-^ n ^— ' np j ' n 

K n>l,p]n n>\ r J n>\ 

and so the theorem will follow from the following: for any x G R[G] and m > 

<f> (x p ™ +1 - *(xP m )) G p m+1 R[C G ] 

and this follows from the "non-commutative binomial theorem" as given in Lemma 5.2 
on page 80 of [F]. This shows that C (1 + I(R[G])) C pR[C G ]. From Lemma [321 we 
know that £(1 + I(R[G])) vanishes under evaluation by the trivial character 1q and so 
C{l + I{R[G])) dp4>(I{R[G])). 

The proof of (b) is similar but easier. Suppose now that G is abelian; then ^ is a ring 
homomorphism and ^>(I(R[G})) C I(R[G\). Consider {a h ,b h } G I(R[G]) for h = 1, ■ ■ ■ , n. 
Then by the binomial theorem for each h 

a p h = 9(a h ) mod P I(R[G}), b\ = * (b h ) mod pI{R[G]) 

and so 

(jb ahbh ^J =^{l2 a h b hj ™d P I 2 (R[G]). 

Hence for m > 



ri 



(E a ^J = * (E a ^J mod p m+1 ^[GD 

and so we have shown that for any x G I 2 (R[G]) 

x v m+1 = $ ( x p m ) mod p " l + 1 j 2 (i?[G]). 

Then, arguing as in part (a), we see that C(l + I 2 (R[G})) C I 2 (R[G\). □ 

To gain a more precise idea of the image of the group logarithm, we set 

A{R[G\) = Kev(R[G}) -> i?[G ab ]) 
and we note that obviously ^4(i?[G])) C I(R[G}). Our next aim is to show that 
Theorem 3.5. We have the equality 

C(l + A(R[G]))=p<p(A(R[G})). 
Let c denote a central element of G of order p and set G = G/(c). 
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Lemma 3.6. (a) We have 

(1 — c) p = — p (1 — c) mod p (1 — c) 2 . 
^ For £ G we /icwe 

£(l + (l-c)0 = P m-e)(l-c))modp<P((l-c) 2 R[G]) 

= p (0(0 - * o (£(£))(! - c) mod p<£((l - c) 2 i?[G]). 

Proof. The proof when p = 2 is trivial, so now we assume that p is odd. By the Binomial 
theorem 

1 = d° = ((c - 1) + If = (c - If + p (c - 1) + 1 mod p (1 - c) 2 . 

To prove the second part, we note that using the first part of the lemma we have the 
following congruences mod p (1 — c) 2 

£(l + (l-c)£) = p0((l-c)O + (l-c)^) 

= P (i-c)0(e)-p(i-c)«/»(e p ); 

the result then follows since (j)((, p ) = ^ o (f>(£) mod p, as we have also seen above. □ 

Lemma 3.7. We have 

(a) *({l-c)R[G]) = 0. 

(b) £(1 + (1 - c)R[G}) C W((l - c)R[G]). 

Proof. As ^(1 - c) = 1 - c p = and as c is central, it follows that ^((1 - c)R[G}) = 0. 
So, using the above fact that (1 — c) p G p(l — c)R[G], we see that for x G R[G] 



(3.3) £(1 - (1 - c)x) 




(1 - c) n x n 



n 



= -</>(p(l - c)x + y) 

with y ep(l- c)x 2 R[G]. □ 

Lemma 3.8. (a) We have £(1 + (1 - c)I(R[G])) = - c)/(i?[G])). 

ft; For n > 2, we We £(1 + (1 - c) n F[G]) = p<£((l - c) n R[G}). 

Proof. Both results follow by successive approximation, on using the last of the expres- 
sions in ([IL3D and taking x to lie in I m (R[G}) for (a) (resp. (1 - c) 71 - 1 I m {R[G}) for (b)) 
with increasing m. □ 

Note that the central cyclic group (c) acts on the set of conjugacy classes Cq by multi- 
plication. 

Lemma 3.9. 

(3.4) (l-c)R[C G ] = ker (R[C G ] -> F[%]) 

(3.5) = ker(0(/(i?[G]))^0(/(F[G]))) 
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(3.6) P n R[C G ] n (1 - c)N[C G ] = p n (l - c)R[C G ] = <j>(p n (l - c)R[G\). 
Furthermore, if c G [G, G], then 

(3.7) (l-c)R[C G ]=ker{cP(I 2 (R[G]))^Hl 2 (R[G]))) 

Proof. To prove the first equality we note that, since (c) acts on C G , R[C G ] is a per- 
mutation i?(c)-module, and so -R[Cg] is isomorphic to: a sum of copies of R (coming from 
the conjugacy classes of elements g € G with the property that the elements {c 1 <?}^_q are 
all conjugate); and a sum of copies of R(c) (coming from the conjugacy classes of elements 
g £ G with the property that the conjugacy classes of the elements {c l g^_^ are all dis- 
tinct). The equality then follows by considering these two cases. The third equality then 
also follows since we have now shown that (1 — c)R[C G ] is an i?-direct summand of R[C G ]. 
The second equality follows from the fact that (1 — c) R[C G ] C cp(I(R[G])). Similarly to 
show the fourth equality, it will suffice to show that if c £ [G, G] then 

(1 - c) R{G] C ker {l 2 {R[G}) -> I 2 (R[G])) • 

This follows at once from the congruence (1 — g) + (1 — h) = (1 — gh) mod I 2 (R[G]) for g, 
heG. □ 

Note that, if we wish, we may impose the further condition that c be a commutator. 
Indeed, we know that the last term in the lower central series of G is generated by central 
commutators; we choose a non-trivial such element d = [g, h] and we suppose that d has 
order p m ; then dh = ghg -1 , and so d pm 1 h pm 1 = gh pm 1 g~ l , and hence c = /i pm ] is a 
central commutator of order p. As c has trivial image in G ab , note that: 

(l-c)R[G\ c A(R[G]). 
Lemma 3.10. If c is a central commutator of order p, then 

C (1 + (1 - c) R[G]) = P 4> ((1 - c) R[G]) =p<p((l-c)I (R[G})) . 
Proof. Put c = [7, 5}. As R[G] = R5 + I(R[G}), 

(l-c)R[G] = R(l-c)6 + (l-c)I(R[G]) 

= R(l--f5-f- 1 5- 1 )5+(l-c)I(R[G}) 
= R(5- 1 5-f- 1 ) + (l-c)I(R[G}) 

and the second equality follows because 4>(5 — 7<^7~ 1 ) = 0. The first equality now follows 
from the above together with Lemmas 13.71 and 13.81 (a). □ 

Sketch of the proof of Theorem 13.51 (For additional details see the proof of Proposition 
1.11 in Chapter 6 of [T].) We shall prove the theorem by induction on the order of G. Note 
that the theorem is trivial if G is abelian; this then starts the induction. Put G = G/{c) 
with c a central commutator of order p as above. Then by the induction hypothesis we 
know that the theorem is true for G. 

The proof of the theorem proceeds in two steps. 
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Step 1. We show £(1 + A(R[G})) 2 p 4>{A{R[G])) . 

Given a G A(R[G]), since A(R[G}) maps onto A(R[G}), using the theorem for G, we can 
find x G A(R[G}) such that £(1 + x)= p<f>(a). Let y = pcf>(a) - £(1 + x); by Theorem El 
we know that y G pit![G G ], and so by (13.41) 

y = p0(a) - £(1 + x) G p ker(#[G G ] -» = p(l - c)22[C G ]. 

Now by Lemma EIOl we can find 6 G (1 — c)fl[G] C A{R[G]) such that £(1 + b) = y; 
therefore 

£((l + x)(l + 6)) =p<j>{a). 
Step 2. We show £ (1 + 4(22 [G])) C p<\> (A(R [G])) . 

Given a G A(R[G]), using the theorem for G, we can find b G «4.(.R[G]) such that £(l+a) = 
p<p(b). By Theorem 13.41 we know that £(1 + a) G p.R[G G ] and so using (|3.4ft we get 

£(l + a)-p0(6) Gpker(#[G G ] -+ R[Cq\) =p(l-c)R[C G ] C p cf>(A(R[G])) . □ 

Proposition 3.11. We have the equality 

C{l + l\R[G]))=p4>{l 2 (R[G])). 

Proof. As a first step we show that £ (l + I 2 (R[G})) C p4> (l 2 (R[G\)). For this we first 
note that A(R{G]) = ker (R[G] — > it![G ab ]) is generated by terms of the form fc] - 1) 
for g, h, k £ G and so as in the proof of Lemma [3791 above we see that A(R[G]) C I 2 (R[G\). 
Now consider x G I 2 (R[G]). By Theorem 13.41 we can find y G I 2 (R[G}) such that 

£(l + x )-p0(y) Gker (pi?[G G ] ^ p#[G ab ]) = p<f> (A(R[G])) C pep (l 2 (R[G])) 

and so£(l + x) G p4> (l 2 {R[G]). 

We are now in a position to prove the theorem by induction on the group order. Suppose 
first that G is abelian and let c G G have order p. Then we have a commutative diagram 
with exact rows, where the vertical arrows are induced by the group logarithm: 

1 -> l + (l-c)/(i?[G]) -> 1 + I 2 (R[G]) -> 1 + / 2 (^[G]) -» 1 

-» p(l-c)/(i?[G]) -> p/ 2 (i2[G]) -> p/ 2 (i?[G]) -» 0. 

The right-hand map is surjective by the induction hypothesis; the left-hand vertical map is 
surjective by Lemma [3781 (a); and so the central vertical map is surjective. 

Suppose now that G is non-abelian. Then, as above, we let c denote a central element 
of G of order p, which is a commutator, and put G = Gj (c). Then we have a commutative 
diagram where the vertical arrows are induced by the group logarithm: 

1 -» l + (l-c)R[G] -> l + / 2 (i?[G]) -> l + / 2 (i?[G]) -» 1 
- p^((l- c )fl[G]) -> p0(/ 2 (i?[G])) - p0(l 2 (i?[G])) - 0. 
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The bottom row is exact by Lemma 13.91 and indeed the proof of this result shows that the 
top row is exact. We then conclude as previously, but now appealing to Lemma 13.101 to 
show that the left-hand vertical map is surjective. □ 

When c is not a commutator. In the above we needed to choose c to be a commutator. 
We can always do this, and indeed, as we have seen, this case provides the crucial inductive 
step for building up the group logarithm. However, when we come to our treatment of SKi 
in [CPT1], we shall also need results for the case where c is central of order p but is not a 
commutator; we now consider this case. 

Lemma 3.12. If c cannot be written as a commutator in G, then multiplication by c 
permutes the elements of Co without fixed points, and the kernel of multiplication by 1 — c 
on R[Cg] is generated by elements of the form Y^=o C VG?) f or 9 ^ G. 

Proof. Suppose to the contrary that c<p{K) = 4>(h) for h £ G. Then ch = ghg^ 1 for 
some element g € G and so c = [g, h], which is the desired contradiction. As previously, 
we then observe that a permutation i?(c)-module breaks up into a sum of free and trivial 
R(c) -modules; however, by the first part there are no trivial modules in R[Cg] and the 
result follows. □ 

Lemma 3.13. Again suppose that c cannot be written as a commutator; then 
£ (1 + (1 - c)I(R[G])) D p4> ((1 - c)I(R[G})) + pV(l - c)R 

and 

p<P{(l-c)R[G}) ^ R 
C(l + (l-c)R[G}) (l-F)R + pR~ 

Proof. Using the obvious fact that (1 — c)R[G] = R + I(R[G]), we easily derive the 
equality 

1 + (1 - c)R[G] = (1 + (1 - c)R) ■ (1 +p(l - c)R) • (1 + (1 - c)I(R[G])); 
and so by Lemma [3781 (a) 

C (1 + (1 - c)R[G\) =C(l + (l-c)R)+ p(l - c)R + (1 - c)(f>(I(R[G])) 

So by Lemma 13.61 (b) we see that 

p( p((l-c)R[G}) „ (l-c)R[C G ] 

C (1 + (1 - c) R[G}) (1 - F)R + P R + {1- c)(j){I{R[G])) ' 

By Lemma [3. 121 as c is not a commutator, we have a well-defined map (1— c)R\Cq\ — > R/pR 
given by <j>((l — c)rg) i— > r mod pR for r G R, g G G; and the kernel of this map is 
(1 — c)pR + (1 — c)4> (I(R[G])) and so we have an isomorphism 

pct>((l-c)R[G\) „ R 
C(l + (l-c)R[G}) (l-F)R+pR' 
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3.b. Torsion determinants. The next result in this section concerns an extension of 
Wall's theorem on torsion determinants for a p-adically complete ring R. Note that, for the 
purposes of this result, we only require that R be a p-adically complete torsion free integral 
domain. 

Theorem 3.14. The group of all elements of finite order in Det(l + I(R[G])) is equal to 
the group Det(G). 

The proof of this result is very similar to that when R is a p-adic ring of integers; since the 
result is important, but the proof is quite intricate and does not involve any fundamentally 
new ideas, a detailed proof is provided as an Appendix in Section 6. We can now use this 
result to show: 

Theorem 3.15. The kernel of the map v : Det(l + I(R[G])) -> p4>(I(R[G])) is equal to 
Det(G). 

Theorem 3.16. Let v 1 denote the restriction of the homomorphism v to Det(l + A(R[G})); 
then v' is an isomorphism 

Det(l + A(R[G])) -^p<j>(A(R[G])). 

Proof of Theorem\3JE By Theorem[3Jl]it will suffice to show that Det(l+/( J R[G])) t ors = 
ker(z/). Since Im(v) is torsion free, it is clear that Det(l + /(i?[G]))tors C ker(z/). We now es- 
tablish the opposite inclusion. For this we begin by noting that (l+I(R[G}))/(l+p 2 1(R[G})) 
has finite p-power exponent, and from Proposition 12.41 we know that v is injective on 
Det(l + p 2 I(R[G})); thus if x G I(R[G]), then Det(l + x) is torsion if and only if 

= u(Det(l + x)) = 4>o log(l + x). 

Suppose now that Det(l + x) £ ker(^); then by the above it will suffice to show that 
<fi o log(l + x) = 0. We prove this by induction on the order of the group G, noting that, 
to start the induction, the result is vacuous if G is trivial. We then adopt the previous 
notation, choose a central element of order p and put G = G/(c) etc. By the induction 
hypothesis, 0(log(l + x)) = and so, for any character x °f G, which is inflated from G, 

O = x(0 (log(l + x))). 

Recall that the lift of Frobenius F acts on R[G] and R[Cg] by the coefficients R; thus, if x 
takes values in the ring Z p [(^] , then we have the equality in R (8) Z p [C^]: 

= F <g> id (x (0 (log (1 + x)))) =x{4> (log (1 + Fx))) . 

However, by Lemma 1.8 in Chapter 6 of [T] we know that for any character x of G the 
virtual character ip p (x) 1S inflated from G. Thus for each character x of G, by the second 
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part of Lemma 13.21 we have equalities 

= x(^°Det(l + x )) 

= plog (Det(l + x) ( x )) - log (Det(l + Fx) (V> p x)) 

= plog(Det(l + x)(x)). 
By the first part of Lemma 13.21 this shows that 0(log(l + x)) = 0, as required. □ 

Proof of Theorem 13.161 By the above 

ker(z/) = Bet(l + A(R[G])) toIS 

C Det(l + I(R{G])) toIS n Det(l + A(R [G])) 
C Det(G) n Det(l + A(R[G])) 
C Det([G, G]) = 1. □ 



3.c. The first exact sequence for determinants. Here we assemble the above to com- 
plete the proof of Theorem 11.41 (a). 

Using the fact that Det is an isomorphism on R[G ah ] x , from the above we now deduce 
that the following sequence is exact 

(3.8) -> p4>(A(R[G])) Det(l + I{R[G])) -> 1 + I(R[G ah }) -> 1. 
Using the splitting 

Det((l + R[G])) = Det(l + I(R[G]))) x R x , 
we get a further exact sequence 

(3.9) -» p^(12[Gf])) ^ Det(i2[G] x ) -> i?[G ab ] x 1. 

Since i? is torsion free, and <p(A(R[G])) is a free i?-module, p <p(A(R[G])) ^ <^(^(i?[G])). 
This then completes the proof of Theorem 11.41 (a). □. 

3.d. The second exact sequence; cokernel of the group logarithm. Theorem 11.41 
(b) now follows from: 

Theorem 3.17. Let G be a p-group. The following sequence is exact: 

(3.10) Det(i?[G] x ) mR[G])) - (1 * p)R ®z p G ab - 0. 

Proof. We begin by reducing to the case where G is abelian. For this we note from (|3.9|) 
and Theorem 13.41 that we have the following commutative diagram with exact rows: 

-> (j)(A) Det(l + I(R[G])) -» l + J(i?[G ab ]) 1 
- <t>(A) -» 0(/(fl[G])) - 7(i?[G ab ]) -» 0. 
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So by the Snake lemma we conclude that coker(p vg) — coker(p 1 v Ga ,b), which indeed 
means that we may now restrict our attention to the case when G is abelian. 

By Proposition E3U we know that (p^uc)^ + I 2 (R[G})) = I 2 (R[G}) and so to calculate 
the cokernel of p~ l vc, it will suffice to determine {jp vq)[1 + I{R[G])) mod I 2 {R[G\). 

Next we briefly recall the concept of the cotangent space at the origin for a commutative 
augmented i?-algebra A. For such an algebra we write e for the augmentation map and I a 
for the augmentation ideal; so that we have a direct decomposition of i?-modules A = R®Ia 
and the cotangent space at the origin is 

n = ia/iI 

For an element / € I a we shall write df for its image in TjJ. For future reference note that 
(3.11) d i og (i + /) = _^_ = 4f . 

Suppose now that we can write the abelian p-group G as 

n 

G = 0Z/p m 'Z 

i=i 

and we let gi £ G be chosen with zero component away from i and to have i-th. component a 
generator Z/p mi Z. Let R [T] denote the polynomial i?-algebra R[T±, . . . , T n ] of (commuting) 
indeterminates Tj. We write 8 : R[T] — > R[G] for the i?-algebra homomorphism with the 
property that 0(Ti) = g{. We then have the following presentation of the group ring R [G] : 

-> N -> R[T] ^ R[G] -» 

where N denotes the i?[T]-ideal generated by the terms T[ — 1 for i = 1, . . . , n; and we 
have the following equalities: 

T* R[T] = ®? =1 R-d(Ti-l), 

dN = ®tiP mi R-d(Ti-l), 
R 

T R[G] = e ^ =1 ^TR ' d ( 9i ~ 1 ^ 

Recall that R supports a Z p -algebra homomorphism F (the lift of Frobenius); we now 
vary from the convention established in the Introduction and extend F to R[T] and to R[G] 
by setting F(Ti) = Tf and F(gi) = gf for all i. The following result should properly be seen 
in the context of the action of Frobenius on differentials. An ad hoc treatment is provided 
here; for a full treatment the reader is referred to [I]. 

Proposition 3.18. (a) There is an F -semi-linear homomorphism, also denoted F o/T^^ 
with the property that pF o d = d o F and with F{r ■ d(Tj — 1)) = F(r) ■ d(Tj — 1), for r e R; 



that is to say, since R has characteristic zero and since T^ T ^ is R-free, for f £ Ir[t] , 
have the equality 

(3.12) F{df)= l --d{F{f)). 



we 
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(b) F maps dN into itself, and so induces an endomorphism of T R ^ G y Recall that for 

p- 1 C(l+j)=log(l+j)-p- 1 log(l + F(j))eI R[G] . 

(c) For j G Ir[g] we have 

d(p- 1 C(l+j)) = (l-F)dj 

and so 

d(p~ 1 C(l + I R[G] )) = (l-F)T R[G] . 

Proof, (a) For r G R, we set F(r ■ d(Ti — 1)) = F(r) ■ d(Ti — 1); we then need only note 
that 

d(F(r ■ (Tj — 1))) = d(F(r) • (Tf - 1)) = F(r) ■ d((2f - 1)) 

= P F(r) ■ Tf- l d{(Ti - 1)) = P F(r) ■ d{(Ti - 1)). 

To prove (b) we choose / G R[T] with 9(f) = j. Then from (a) and (|3.10p above we 
know that 

d(log (1 + j) - p- 1 log (1 + F(j))) = dj - p- l d{F{j)) = (1 - F)dj. 
Applying then gives the desired equality. Part (c) now follows. □ 

We now complete the proof of Theorem 13.171 Recall that we have reduced to the case 
in which G = G ab is abelian. We write T r ,q, = R (£> T£ ,q,, and note that, since we have 
(1 - F)(R ® T^ [G] ) = (1 - F)R <g) T* [G] , it now follows that 

d{jp- x C{\ + l m )) = (1 - F)T* R[G] = (1 - T* p[G] 



and 

^RfG] ^ ® T Z P [G] R 



G 



as required. □ 

As an immediate application we now prove: 

Lemma 3.19. Let c be a central element of order p with c G [G, G], and, as previously, 
we put G = G/(c). Then the following map, induced by the group logarithm v, is an 
isomorphism: 

ker(Det(l + I(R[G])) -» Det(l + I(R[G]))) -> ker(0(7(i?[G])) -> 0(/(i?[G]))). 

Proof. We set /Ci = ker [Det(l + I(R[G])) — > Det(l + J(i?[G]))] and similarly, K 2 = 
ker [cf)(I (R[G])) — > 0(/(i?[G]))] and consider the diagram 

1 -»• /Ci -» Det(l + /(i?[G])) -» Det(l + /( J R[G])) -» 1 
/C 2 0(/(i?[G])) ^(ffl)) - 
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where the vertical maps are induced by the group logarithm v. Since G = G , we know 
that the central and right-hand vertical maps have the same kernel (by Theorem 13. 14p and 
the same cokernel (by Theorem 13. lTj) : therefore, by the snake lemma, we deduce that the 
left-hand vertical map is an isomorphism. □ 



4. Descent and fixed points for ^-groups 

4. a. Fixed point theorem for p-groups. In this subsection we adopt the notation of 
Theorem 11.51 Thus S is an extension ring of R, which is a finitely generated, free R- 
module; so that S is also p-adically complete. We suppose that S satisfies the remaining 
conditions in the Hypothesis stated in the Introduction; so that S is an integral domain of 
characteristic zero, which supports a lift of Frobenius. Note that we do not need to suppose 
that the lift of Frobenius Fr is compatible with the lift of Frobenius Fg, so that F$\R need 
not equal Fr. Note also that at this point we do not need to suppose that these two rings 
are Noetherian and normal. We suppose that the field of fractions of S is Galois over N 
with Galois group A acting on S with S A = R. Then, since S is finite over R, we know 
that (S X ) A = R X . 

The main result of this section is that, with the above notation and hypotheses, 
Theorem 4.1. We have the equality 

Det (1 + I{S[G])) A = Det (1 + I(R[G})) ; 
hence using the commutative diagram 
l-> Det(l + /(5[G])) A 

T 

l-> Det(l + I(R[G])) 
we see that Bet(S[G] x ) A = Bet(R[G ] x ) 

Proof. We argue by induction on the order of G, and we note that the result is clear if 
G is abelian, since in that case we have 

Det(S[G] x ) A =s (S[G] X ) A = R[G] X * Det(i?[G] x ). 

We therefore suppose that G is non-abelian. As previously we select a central commutator 
c € G of order p, put G = G j (c), and write q for the quotient map q : G — > G; then, by the 
induction hypothesis, the theorem is true for G. We then have the commutative diagram 
with exact rows 

0^ p<t>(A(R[G])) -» Det(l + /( J R[G])) l + I(R[G ab ]) ->1 

I I Q 1= 

0^ p0(A(R[G})) -» Det(l + /( J R[G])) -> l + /(i?[G ab ]) -» 1. 



Det(5[G] x ) A 

T 

Det(i?[G] x ) 



(S 

T= 

R x 



x \A 
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Lemma 4.2. The map u of Corollarv \3.3\ induces an isomorphism 

(4.1) ker [Det(l + I(R[G\)) -» Det(l + I(R\G})] ^ Det(l + (1 - c)R[G\). 
Proof. By the snake lemma we have the equality 

(4.2) ker {A(R[G}) -» A(R[G})) = ker (R[G] -> -R[G]) = (1 - c)i?[G]. 
Applying the snake lemma again we have 

ker [Det(l + I(R[G\)) -> Det(l + I(i?[G]))] = ker [Det(l + -4(#[G])) -> Det(l + A(R[G])] 

and by Theorem 13.161 this is isomorphic to 

ker [p<f>(A(R[G\) -> p<^(.4(i?[G])] = p0((l - c)i?[G]) 9* Det(l + (1 - c)R[G}) 

with the latter isomorphism coming from Lemma 13.91 □ 

We now complete the proof of the Theorem 14.11 Suppose we are given 

Det(x) G Det(l + /(S[G])) A 

and we put x = q(x). Then since the theorem is true for G 

Det(x) £ Det(l + /(S[G])) A = Det(l + I(R[G})) 

and, because I(R[G]) maps onto I(R[G]), we know that q maps Det(l + I(R[G])) onto 
Det(l + I(R[G])). We can therefore find y £ 1 + I(R[G]) such that q (Det (xy" 1 )) = 1. By 
LemmaEOl with R replaced by S, we know that Det(xy _1 ) € Det(l + (1 - c)S[G]) A . Thus 
it will now suffice to show that 

(4.3) Det(l + (1 - c)S[G]) A = Det(l + (1 - c)R[G }). 

Unfortunately we cannot deduce this immediately, since the map v does not, in general, 
respect the action of A (due to the appearance of the i^-semilinear map ^f). However, we 
know from Lemma 13.71 that the map ^ is null on (1 — c)S[G] and so the restriction of C to 
1 + (1 — c)S[G] is just p times the usual p-adic logarithm of Proposition 12.41 thus we see 
that 

£-S I l+(l-c)R[G} = £R I l+(l-c)R[G] 

and so 

V S I Det(l+(l-c)fl[G])= U R I Det(l+(l-c)i?[G]) 

and that furthermore Cs, resp. vg-, both commute with A-action when restricted to 1 + 
(1 - c)S[G], resp. Det(l + (1 - c)S[G]). Thus by Lemma EEU] we get 

^(Det(l + (1- C )S[G]) A ) C (M(l-c)5[G])) A 

= p<p((l-c)R[G}) 

= u R (Det(l + (1 - c)R[G])) 

= u s (Det(l + (1 - c)R[G ])) 

and the result follows since, by Theorem 13.161 us is injective on Det(l + A(S[G])) . □ 
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4.b. Norm maps for p-groups. The notation and hypotheses are as in the previous 
subsection; in particular, we again impose the hypotheses of Theorem [T3J Thus S is a ring 
extension of R, which is a finitely generated, free i?-module, and we again suppose that 
both S and R satisfy the standing hypothesis. We also suppose that the field of fractions 
of S is a Galois extension of N with Galois group A, which acts on S with the property 
that = R; in addition we now also suppose that the trace map Tr : S — > R is surjective. 
Recall that, by taking bases, we have the co-restriction (or Frohlich norm) map (see for 
instance 1.4 in [T]) 

M :Bet(S[G] x ) ^Det(R[G] x ) 
which is characterized by the property 

(4.4) JV(Det(x)) = JJ Bet(x 5 ) = Det f JJ x 5 j . 

<5eA \<5eA / 

By considering the augmentation map G — > {1} and the abelianisation map G — > G ab , it 
follows at once from the definitions that we have the inclusions 

AA(Det(l + /(5[G]))) C Det(l + !(#[£])) 
Af (Det(l + A(S[G}))) C Bet(l + A(R[G])). 

With the above notation and hypotheses 
Theorem 4.3. We have equalities 

(4.5) JV(Det(l + /(S[G]))) = Det(l + I(R[G})) 

(4.6) N (Det(l + A{S[G}))) = Det(l + A(R[G])); 

while the full norm map Af : T>et(S[G] x ) — > Det(i?[G] x ) is surjective if and only if we have 
N S/R (S X ) = R X . 

Proof. We first prove (|4.5p and f|4.6|) : we then conclude by considering the full norm map. 

Step 1. We first suppose that G is abelian. For brevity we write Is = I(S[G]), Ir = 
I(R[G]) and we filter I+I5, resp. 1+Ir, by the subgroups {(1 + Ig)} n > v resp. {(1 + Ir)} ti>1 
By use of successive approximation, the surjectivity of the trace, and the commutative 
squares: 

(1 + + - /g//^ 1 = (^/JS +1 ) ®* 5 

I Tr 

(i+ig)/(i+j-+ i ) -» (^//r 1 )- 

together with a standard convergence argument, it then follows that N maps 1 + 1$ onto 
l + /fl. 

Step 2. Consider Det(x) € Det(l + and let £ denote the image of x in i?[G ab ]. 

By the first step, we can find y € 1 + I(5[G ab ]) such that AA(Det(y)) = Det(x) and we can 
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then choose y G 1 + I(S[G]) with image equal to y in 5[G ab ]. Then Det(x)AA(Det(y)) _1 G 
Det(l + A(R[G})) and so we are now reduced to showing 

(4.7) AT (Det(l + A{S[G}))) D Det(l + .A(i2[G])). 

To prove the inclusion (|4.7p we argue by induction on the order of the commutator group 
[G, G]. The inclusion is vacuous when G is abelian; so this starts our induction, and we now 
adopt the notation of the previous subsection; in particular we choose a central commutator 
c of order p, we put G = G/(c) and write q for the natural quotient map from G to G. Let 
Det(x) G Det (1 + A(R[G})) . Then, by the induction hypothesis, we can find y G 1 + I(S[G]) 
such that Det(q(x)) = J\f(T)et(q(y)); hence by (|4.2j) in the proof of Lemma 14.21 

Det(x)A/'(Det(y))- 1 G ker [Det(l + A(R[G})) -» Det(l + 
= Det(l + (1 - c)R[G]). 

It will therefore suffice to show: 

(4.8) N (Det(l + (1 - c)S[G])) = Det(l + (1 - c)R[G]). 

As in the previous section we know that is null on (1 — c)5"[G]; hence the restriction of 
to Det(l + (1 — c)S[G}) is a map of A-modules and furthermore 

V S I Dct(l+(l-c)_R[G])= V R I Det(l+(l-c)_R[G])' 

as both sides agree with p<j) o log. Hence the following diagram commutes: 

Det(l + (l-c)5[G]) -i p<f>((l-c)S[G]) = p0((l - c)R[G}) ® R S 
IN |Tr 

Det (1 + (1 - c)R[G]) p0((l-c)i2[G]) 

and the surjectivity of the left-hand vertical arrow follows from the surjectivity of the trace 
from S onto R. 

To prove the final part of the theorem, we use the following commutative diagram with 
exact rows: 

l-> Det (1 + I(S[G])) -> Det(,S[G] x ) -> 5 X -»• 1 

I A/" | AT |A 

l-> Det(l + /(i2[G])) -» Det(i2[G] x ) -> R x -» 1. 

□ 

5. Character action and reduction to elementary groups 

5. a. Character action on Ki. In this section we do not require that R supports a lift 
of Probenius. Let Go(Z p [G]) denote the Grothendieck group of finitely generated Z P [G]- 
modules and let G p (Z p [G]) denote the Grothendieck group of finitely generated Z P [G]- 
modules which are projective over Z p . From 38.42 and 39.10 in [CR2] we have: 



Ki OF A p-ADIC GROUP RING 



27 



Proposition 5.1. There are isomorphisms 

G Zp (Z p [G]) - G (Z P [G]) - G (Q P [G]) 

with the first isomorphism induced by inclusion of categories and the second isomorphism 
induced by the extension of scalars map <8>z p Qp- 

Proposition 5.2. The ring G p (Z p [G]) and hence, by the previous proposition, Go(Q p [G]), 
acts naturally on K±(R[G]) via the rule that for an Z p [G]-lattice L and for an element of 
Ki(i?[G]) represented by a pair (P,a) (where P is a projective R[G]-module and a is an 
R[G]- automorphism of P), then 

L-(P,a) = ((L® Zp P), (1(8)2, a)). 

The functor G i-> Ki(P[G]) is a Frobenius module for the Frobenius functor G i— > G p (Z p [G]) 
(see page 4 in [CR2] and also [L]). The group SKi(i?[G]) is a Frobenius submodule of 
Ki(i?[G]). Therefore the action of Go(Q p [G]) on Ki(P[G]) also induces an action on 
Det(GL(P[G])) (see Ullom's Theorem in 2.1 of [T], and see also below for his explicit 
description of this action)). 

Proof. From Ex 39.5 in [CR2] we know that G i-> Ki(Z p [G]) is a Frobenius module for 
G i— ► Gq p (Z p [G]). Moreover the extension of scalars map Gq p (Z p [G]) — > Gq(R[G}) is a 
morphism of Frobenius modules over G p (Z p [G]) by 38.11 loc. cit.. The first part of the 
proposition follows. Because Gq(R[G}) — > G^ C (A^ C [G]) is similarly a morphism of Frobenius 
modules over Gq(R[G]), it follows that the kernel 

SKi (R[G]) = kcr [Ki(i2[G]) -> Kx(iV c [G])] 

is also a Frobenius module over G p (Z p [G]). □ 

Next we recall Ullom's explicit formula for the action of the character ring Go(Q p [G]) on 
Det(GL( J R[G])). 

We view Go(Q p [G]) as the ring of characters of finitely generated Q p [G]-modules and we 
let <j) G Ko(Qp[G]) (which we identify with the ring of virtual Q^-valued characters of G). 
We consider a pair (P, a), as above, and suppose that P © Q = ®f =1 R[G]. Then (P,a) 
is the element of Ki(P[G]) given by the class r = a © id<g G GL n (P[G]) (see for instance 
3.1.7 in [R]). Then Ullom has shown that the induced Frobenius action of Go(Q p [G]) on 
Det(Ki(P[G])) is given explicitly by 

■ (P, a) = 9 ■ (0 Det(r)(0)) = (0 ^ Det(r)(^)) 

where 6 denotes the contragredient of the character 6. In particular we have the identity 

(5.1) (Indgfl) • Det(r) = Indg (6 • (Resf (Det(r)))) 

which is one of the standard identities for Frobenius modules. The proofs of these standard 
facts are exactly the same as the proofs in Chapter 2 pages 21-25 in [T]. 
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Proposition 5.3. For each n > 1, Ki(R[G],p n ) is a G P (Zi p [G])-Frobenius submodule of 
Ki(Z p [G]), and so the action of G P (Z p [G\) on SKi(R[G]) induces a Frobenius module 
structure on SKi(i?[G]). 

Proof. The first part follows from the exact sequence 

-> Ki(fl[G],p n ) -> Ki(R[G]) - K^RniG}) - 

and the fact that the extension of scalars map G^(i?[G]) — > G^ n (i? ra [G] ) is a morphism of 
Frobenius modules, so that the kernel in the above exact sequence is also a Gq(R[G]) Frobe- 
nius submodule of Ki(R[G]). The second part then follows since the image of SKi(i?[G]) 
in Ki(i? n [G]) is a Frobenius module, because it is naturally isomorphic to 

SKi(fl[G])+Ki(fl[G],p") 
Ki(i?[G],^) 

5.b. Brauer Induction. Let [i m denote the group of roots of unity of order m in Q£. We 
then identify Gal(Q p (^ m )/Q p ) as a subgroup of (Z/mZ) x in the usual way. Recall that a 
semi-direct product of a cyclic group C (of order m, say, which is coprime to p) by a p- group 
P, C x P, is called Q p -p-elementary (see page 112 in [S]) if, for each ir G P, there exists 

t = t(7r) G Gal(Q p (/x m )/Q p ) C (Z/mZ) x 

such that for all c G C 

7TC7T~^ = C*. 

Theorem 5.4. For a given finite group G, there exists an integer I coprime to p such that 

/Go(Q P [G])C^Ind^(G (Q P [J])) 
J 

where J ranges over the Q p -p-elementary subgroups of G. 
Proof. See Theorem 28 in [S]. □ 

6. Determinants for elementary groups. 

Throughout this section we shall suppose that, in addition to the standing hypotheses, R 
is also a normal Noetherian ring. We begin with an algebraic result which we shall require 
later in this section. 

Suppose that Ok is the ring of integers of a finite non-ramified extension K of Q p . Recall 
that N is the field of fractions of R. Let S denote the ring R ®z p Ok and let M be the ring 
of fractions of S. Since M is a separable TV-algebra, it can be written as a finite product of 
field extensions Mj of N: 

n 

(6.1) M = Y[Mi. 

i=i 
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Since K is a finite non-ramified extension of Qp, we know that 5 is etale over R and hence 
is normal (see e.g. page 27 in [Mi]). If Si is the normalization of R in Mj, then 

n 

(6.2) 5 = 11^ 

i=i 

Lemma 6.1. Let F denote the lift of Frobenius on S given by the tensor product of the lift 
of Frobenius of R with the Frobenius automorphism of Ok; then F(Si) C Si. 

Proof. Let {e^} denote the system of primitive orthogonal idempotents associated to the 
above product decomposition of S. As F is a Z p -algebra endomorphism, we know that 
{F(et)} is a system of orthogonal idempotents with 

n 

i=i 

and so this system corresponds to a decomposition of the commutative algebra S into n 
components. Since the decomposition of Noetherian commutative algebras into indecom- 
posable algebras is unique, we must have F{e{) = e^u) for some permutation ir of {1, . . . , n}. 
It will suffice to show that the permutation it is the identity. Suppose for contradiction that 
for some i, we have = j 7^ i. We know by definition that 

F{ei) = ef = ei mod pS 

and so 

e.j = F(ei) ■ ei = ej ■ ei = mod pS. 

However, by Theorem 6.7 (page 123) of [CR1] we know that, since pS is contained in the 
radical of S, ei mod pS must be a primitive idempotent of S/pS, and so we have the desired 
contradiction. □ 

6. a. Qp-p-elementary groups. Suppose G is a Q p -p-elementary group, so that G may be 
written as a semi-direct product C x P, where C is a cyclic normal subgroup of order s, 
which is prime to p, and where P is a p-group. We decompose the commutative group ring 
Z P [C] according as the divisors m of s 

(6.3) Z p [C]=l[Z p [m}, 

m 

where Z p [m] is the semi-local ring 

Z p [m] = Z[C m ] ®z Z p 

and where Q m is a primitive mth root of unity in Qp\ For brevity we set R[m] = R®z p Z p [m] , 
and we note that by Lemma 16 . 1 1 R [m] decomposes as a product of integral domains each of 
which is p-adically complete and which possesses a lift of Frobenius given by the restriction 
of the tensor product of the lift of Frobenius of R and the Frobenius automorphism of 
Z p [m]. 
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For each m the conjugation action of P on C induces a homomorphism a m : P — > Aut(£ m ) 
and we let H m = ker(a m ) and A m = lm(a m ). 

Tensoring the decomposition (|6,3|) with ® z [-qPfG] affords a decomposition of P-algebras 

(6.4) R[G] =Y[R[m]o P 

m 

where R[m] o P denotes the natural twisted group ring. We shall study the determinant 
group Det(GL(P[G])) by studying the various subgroups Det(GL(P[m] o P)). Note that 
the twisted group ring R [m] o P contains the standard group ring R[m][H m ]. We therefore 
have the inclusion map i : P[m][P m ] — > R[m] o P. We also have a restriction map defined 
by choosing a transversal {a^} of P/H m : This induces a restriction homomorphism 

res : GL n (P[m] o P) -> GL n \ Am \(R{m] [H m ]). 

By Proposition O (b) we know that Det(GL(P[m][# m ])) = Det(R[m][H m } x ) and so we 
have defined the composition: 

(6.5) r m : Det(GL n (P[m] o P)) -> Det(GL n | Am , (R[m] [H m ])) -» Det(i?[m][ J ff m ] x ). 
Since for 7r G P, x G i?[m] o P x , we know that Det(7T3;7r~ 1 ) = Det(x), we see that 

r m : Det(GL n (R[m] oP)) -» Det(P[m][ J ff m ] x ) Am . 

Here A m acts via a m on i?[m] and by conjugation on iT m . From (3.8) on page 69 of [T] we 
know that r m is injective. Note for future reference that for x € R[m][H m ] x , i{x) is mapped 
by restriction to the diagonal matrix diag(x a *); thus we write Det(x) for the usual element 
of Det (R[m][H m ] x ) whereas Det(i(x)) denotes an element of Det((i?[m] oP) x ). These two 
determinants are related by the identity 

r m (Det(i(x)))) = J] Det(x a ) d = n iV Am (Det(x)). 

a&Am 

Next we describe Det((P[m] o P) x ), and more generally Det(GL(P[m] o P)), and the maps 
i and r m in terms of character functions. In Lemma 16.81 we shall see that every irreducible 
character of G may be written in the form Indjj (</> m ) where 4> m is an abelian character 
of H m with the property that the restriction of 4> m to C has order m, for some m. With 
this notation the elements Det(i(x)) in Det(P[m] o P x ) are character functions on such 
lnd^ m (0 m ) with 

Det(i(x)) (Indg m ^ m ) =r m (Det(i(x)))(0 m )= [] Det(x a )(^ m ). 

a£Am 

It is also instructive to see the above in the context of K-theory. We then have induction 
and restriction maps 

U : Kx{R[m][H m ]) ±5 K x (R[m] o P) : r m 

U ■ Det(P[m][P m ] x ) ±5 Det((P[m] o P) x ) : r m . 
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Similarly we have the corresponding maps on the representation rings 

Ko(Q;M[tf m ])^Ko(Q;[m]oP) 

and by Mackey theory the induction map i = Ind^ m maps the ring Ko(Qp[m][i? m ]) onto 
K (QpH o P). (see page 68 in [T]). 

Let Iff m , resp. Ip, denote the augmentation ideal of E[m][5 m ], resp. the two sided 
R[m] o P -ideal generated by lu m - The main result of this subsection is to show: 

Theorem 6.2. (a) The map r m defined in \6.5\) gives an isomorphism 

r m : Det(GL(i?[m] o P)) = Det((i?[m] o P) x ) Det{R[m][H m ] x ) Am . 

(b) The restriction of r m induces an isomorphism 

Det(GL(fl[m]oP,J P )) = Det(l + / P ) Det(l + I Hm ) Am - 

Proof. From now on we fix m and therefore drop the index m wherever possible. We 
first prove (a). We have seen that r m is injective on Det(GL(i?[m] o P)); we now show that 
r m maps Det((P[m] oP) x ) onto Bet(R[m][H} x ) A . 

First we put P = Pj [H,H] and we note that from Theorem 8.3 page 614 of [W2], the 
ring R[m] o P is isomorphic to the ring of \A\ x \A\ matrices over (i?[m] [-ff 3,13 ])" 4 . Thus we 
see that r induces an isomorphism 

(6.6) Det((i?H oP) x ) ( J R[m][F ab ]) Ax . 

From (|3.9p and Theorem 13.161 (which trivially extends to products of rings, since formation 
of determinants commutes with ring products) and using (|6.6p . we have a commutative 
diagram with exact top row: 

1^ Det(l + A{R[m][H])) A -» Det(R[m][H} x ) A -> ( J R[m][ J ff ab ]) Ax 

(6.7) T T= 
Det(i(l + A{R[m] [H]))) C Bet((R[m] o P) x ) X Det((P[m] o P) x ). 

It will therefore suffice to show 

r(Det(i(l + A(R[m}[H}))) D Det(l + A{R[m][H])) A 

and this follows from the commutative diagram 

Bet {1 + A(R[m][H])) (A(R[H))) ® R R[m] 

I r | Tr 

Det (1 + A{R[m][H])) A (0 (^(i?[F])) (g) R i?[m]) A . 

Recall that i* 1 is the tensor product of the lift of Frobenius on R with the Frobenius automor- 
phism of Q P (Cm)/Qp- Note also that A acts on R[m] = R<& Z p [m] via the second factor; so, 
because G is Q p -p-elementary, the action of A on (x(G)) factors through Gal(Q p (C m )/Qp); 
this guarantees the actions of F and A commute; hence v is an isomorphism of ^4-modules, 
and this then gives the bottom row in the above diagram. 
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Since R[m] is a free i2L4]-module, it follows that cj)(A(R[H])) <g>R R[m] is a projective 
i?[y4]-module (with diagonal action); and so Tr, and therefore r, is surjective. This then 
competes the proof of part (a). 

The proof of (b) is entirely similar. Firstly, we note that the above mentioned result of 
Wall is functorial, so that we have a diagram induced by the augmentation map H ab —* {1}: 

-> Ip -> R[m] oP -> R[ m ] oA ^ 

- M| A |(/^ afc ) - M| A |(i?[m][tf ab ] A ) - M| A , (i?H A ) -» 

Here the central and the right-hand, and hence also the left-hand, vertical maps are isomor- 
phisms. Secondly, we may restrict (|6.7p to get the following commutative diagram, where 
we use the above to deduce the extreme right-hand vertical isomorphism: 

l-» Det(l + A(R[m][H])) A -» Det(l + / H ) A -» (1 + J^)^ 
t t r |= 

Det(i(l +^(i?[m][il]))) Det(l + / P ) A Det(l + Jp) -»■ 1. □ 

Proposition 6.3. We have the equality 

N A (Det (1 + I H )) = Det (1 + I H ) A 

and so 

Det (1 + I P ) = Det (t (1 + I H )) ■ 

Proof. For brevity we put I = I(R[m}[H]), I = I(i?[m][i7 ab ]). Consider the commutative 
diagram 

-> <f>(A) ® R[m] -> Det(l + 7) -> 1+7 -> 1 

Tr A it iV A IT iVA IT 

-» ® fl[m]) A Det(l + /) j4 -> 1+T A -» 1. 

The top row is exact by (|3.8p . The second row is exact on taking yl-fixed points and noting, 

as previously that <j>{A) is a cohomologically trivial ^4-module. We have seen previously that 

— —A 

Tr A is surjective. The surjectivity of the norm map iV A : 1 + I — > 1 + I is standard and 
follows by forming an A-stable filtration of l + I(R[H ah ]) whose subquotients are isomorphic 
to R/pR; thus, when the filtration is extended to 1 + I = 1 + I(R[m] [if ab ]), then on such 
subquotients the norm identifies with the trace mod p and we argue as before; see page 71 
in [T] for details. □ 

Finally we show: 

Theorem 6.4. Let S be a ring which contains R, with both S and R being Noetherian 
normal rings which satisfy the hypotheses stated in the Introduction. Suppose further that 
S is a finitely generated free R-module and that the field of fractions of S is Galois over 
N with Galois group A, which acts on S as R-algebra automorphisms, with the property 
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that 5 A = R. Let G be a finite Q p -p- elementary group and let A act coefficientwise on 
Det(,S[G] x ); then 

Det(GL(i2[G])) = Bet{R[G] x ) 

and 

Det(GL(S[G])) A = Det(GL(i?[G])). 

Proof. The first equality follows from the decomposition (|6.4|) together with Theorem 
We now prove the second equality. By (|6,4p and Theorem! 



Det(GL(S[G])) A = m Det(5[m] o P X ) A 

= m (Det(5[m][F m ] x ) A -) A . 

Recall that A acts via the first term in S[m]oP = S®r (R[m] oP) and that A m acts via the 
second term; hence the actions of A and A m commute on 5[m][-ff m ] = (S ®r R[m])[H m ]; 
hence we see that 

Det(GL(5[G])) A = @ m {Bet(S[m][H m ] x )) AmXA = ® m (Det(S[m][H m ] x ) A ) Am 

and so by Theorems 14.11 and 16.21 together with (j6.5f) we have equalities 

Det(GL(5[G])) A = ® m T>et{R[m}[H m })*) A ™ 
= m Det(i?[m] oP x ) 
= Det(GL(i?[G])). □ 



Application. We conclude this subsection by considering the implications of the above 
result for an arbitrary finite group G. We again suppose S to be as Theorem 16.41 From 12.6 
in [S] we know that we can find an integer I which is prime to p, Q p -p-elementary subgroups 
H{ of G, integers rii, and 9i G Ko(Q p [-Hj]), such that 

l-l G = J2n i -lnd%.(9 i ). 

i 

Thus, given Det(x) G Det(GL(5[G])) A , then by the Frobenius structure of the module 
Det(GL (£[(?])) over K (Q p [i?i]) (see we have 

Det(x)' = n ind l(^ ' ResJ(Det(x)))) n >. 

i 

However, Theorem 16.41 above implies that 

0i ■ Res^(Det(x)) G Det(S[tf;] x ) A = Det(R[Hi] x ). 
Thus we have shown 
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Theorem 6.5. For any finite group G each element in the quotient group 

Det(GL(5[G])) A /Det(GL(i?[G])) 
has finite order which is prime to p. 

6.b. Qp-£-elementary groups. We consider a prime £ ^ p and a Q p -^-elementary group 
G: thus G may be written as (C x C') x L where C is a cyclic p-group, C' is a cyclic group 
of order prime to pi and L is an ^-group. In this section we show: 

Theorem 6.6. If G is a Q p -£- elementary group, then Det(S[G] x ) A = Det(R[G] x ) and 
Det(GL( J R[G]))) = Bet{R[G] x ). 

Then, reasoning as in the Application in the previous section, we can immediately deduce 

Theorem 6.7. For an arbitrary finite group G each element of the quotient group 

Det(GL(S[G])) A /Det(GL( J R[G])) 

has finite order which is prime to i. 

This, together with Theorem 16,51 above, will then establish Theorem 11.51 

Prior to proving Theorem 16.61 we first need to recall three preparatory results: 

Lemma 6.8. Each irreducible character x of G can be written in the form lnd^0, where 
<p is an abelian character of a subgroup H which contains C x C' . 

Proof. See 8.2 in [S]. □ 

Proposition 6.9. Let O denote the ring of integers of the finite extension of Q p generated 
by the values of all characters ofG, letm denote the maximal ideal of O, and letV denote the 
R®z p O -ideal generated by m. With the notation of the previous lemma, we write <f> = (j)'4> p 
where <fi' , resp. (f> p , has order prime to p, resp. p-power order; and we put x' = Ind^<^'. 
Then for r € GL(i?[G]) we have the congruence 

Det(r)(x — X ) = 1 mod V . 

Proof. See Theorem 15A on page 66 of [F]. □ 

Proposition 6.10. Put G' = G/C. Then Z P [G"] is a split maximal 7i p -order, that is to 
say it is a product of matrix rings 

Z p [G'} = HM ni (O t ) 

i 

over (local) rings of integers Oi. Thus we have the equalities 

Det(GL(i?[G'])) = Yl(R®Oi) x =Bet(R[G'] x ) 
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and 

Det(S[G'] x ) A = l[Bet((S®O l ) x ) A = l[(S®O i ) xA 

= Y[(R®Oi) x =l[Det((R®Oi) x ) 

= Det(i?[G'] x ). 

Proof. See Theorem 41.1 and Theorem 41.7 of [Re]. □ 

Proof of Theorem 16.61 We start by proving the first part. Suppose, as previously, that G 
is a Qp-£-elementary group and that we are given Det(z) G Det(S[G] x ) A and let z' denote 
the image of z in S^G']. Then by Proposition 16.101 we know that we can find x' € R[G'] X 
with Det(x') = Det(z'); moreover, since the kernel of the map R[G] — * R[G'] lies in the 
radical of R[G] , we can of course find x € R[G] x with image x' in R[G'] x . Thus, to conclude, 
it will be sufficient to show that T)et(zx~ 1 ) is in Det(i?[G] x ). However, by construction, 
Det(zx _1 ) is trivial on characters inflated from G', and so by Proposition 16.91 we see that 

Det(zx _1 )(x) = Det(zx~ )(x — x) = \ mod V 

and so we conclude that Det(zx~ 1 ) is a pro p-element of Det(5[C] x ) A . But by Theorem 
16.51 we know that Det(zx~ 1 ) has image in the quotient group T)et(S[G] x ) A /T)et(R[G] x ) of 
finite order which is prime to p. Therefore we may deduce that Det(zx _1 ) is in Det(R[G] x ). 

To prove the second part let Iq denote the two-sided i?[G]-ideal generated by the aug- 
mentation ideal I(R[C]) of R[C]. We then have a commutative diagram 

1 - K^fGUc) -» Ki(JJ[G]) tf K!(i?[G']) -» 1 

1 Det(GL( J R[G]),I c ) -»• Det(GL(i?[G])) Det(GL(fl[G'])) 1 

the top row is exact by (|2. 1 1) ; this is split exact since the map G — > G' is split; hence the 
lower row is split exact. The result then follows since by Proposition 16.101 and Lemma 12.21 
(b) we have 

Det(GL(i?[G'])) = Bet(R[G'] x ), and Det(GL(i?[G], I c )) = Det(GL(l + I c )). □ 



We can now prove Theorem 11.21 (b) of the Introduction. Let r £ GL n (i?[G]). By Brauer 
induction we can write 

H 

where the H range over the Q r -elementary subgroups of G for different primes r, the nu 
are integers and 9h are Q r -characters of H. From (|5.ip we have 

Det(r) = ^2,n H lud%{9 H ■ Resf (Det(r))). 

H 
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Now by Theorems El and ES we know that for each H, Det(GL (#[#])) = Bet(R[H] x ), 
and so 9h • Res^(Det(r)) lies in T)et(R[H] x ). The result then follows since Ind^ maps 
Bet(R[H] x ) into Det(R[G] x ) . □ 

7. Appendix: Torsion determinants 

Here we sketch the proof of Theorem l3.141 The proof is essentially the same as that given 
by Wall for the case where R is a p-adic ring of integers and proceeds in three steps. In this 
section we assume only that R is p-adically complete torsion free integral domain. 

Step 1. G abelian. We argue by induction on the order of G. The result is trivial if 
G = {1} and this starts the induction. We choose an element c E G of order p and put 
G = G/(c). Consider x € (1 + I(R[G] ))tors- By the induction hypothesis, we know that, 
after multiplying x by an element of G, we can assume that the image of x in R[G] is 1, 
i.e. 1 — x £ (1 — c) R [G] , say 

(7.8) 1 -x = (1 - c)y, with y G R[G}. 

Now choose an abelian character 9 of G which is non-trivial on c and suppose for contra- 
diction that we can find such a 6 with 9(x) ^ 1; by (|7.8p above, we see that 9(1 — c) divides 
6(1 — x) and so 9(x) must be a primitive p-ih. root of unity. Multiplying x by a suitable 
power c a of c we can get 9(x) = 1; moreover, the above work remains valid with this new x 
but now we also know that 9(y) = and so we can write 

(7.9) ye Y J R(g-0(g)). 

9 

If x = 1 we are done; otherwise, by the above, we choose a further abelian character r] such 
that r](x) is a root of unity of p-power order different from 1. Then from (|7,8p we get 

v (l - x ) = 7](1 - c)rj(y). 

Clearly we cannot have 77(c) = 1, for otherwise the right-hand term vanishes; thus 77(1 — c) 
and r/(l — x) must be associates; this, however, is absurd since by ()7.9p rj(y) is a non-unit. 

Step 2. Next we consider the special situation where G contains an abelian subgroup H 
of index p. We again suppose we have x € 1 + I(R[G]) with the property that Det(x) is 
p-power torsion, and we show Det(x) G Det(G). 

Choosing a transversal of G/H we get a homomorphism 

N : R[G] X -> GLp(i2[fl]) ^ i?[tf] x . 

From 1.4 in [T] we have the restriction map Resf : Det(GL(i?[G])) -> Det(GL(i?[i7])) with 
the property that 

(7.10) Resg(Det(x)) = Det(N(x)). 
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Choose 7 G G — H and let a denote the automorphism of H given by conjugation by 7; 
let T denote the submodule of R[G] 

T= j^c^O) I x G i?[G] j 

and let t : G — > H be the transfer homomorphism. As per Lemma 1.7 on page 47 of [T] we 
have 

Lemma 7.1. For x = Yl,g&G x g9 e R[G] X , we have 

N{x) = x p g t{g) mod T. □ 

We now complete the proof of this second step. By Step 1 we know that, after multiplying 
by a suitable element of G we may assume that x has trivial image in i?[G ab ]. We now show 
that for such x with Det(x) torsion, we must have Det(x) = 1. To show this we must show 
that for any non-abelian irreducible character x °f G, Det(x)(x) = 1. Now, by standard 
theory, all such x are °f the form Ind^(#) for some abelian character 6 of H. Since for a 
character 9 of H 

Det(x)(Indg#) = (ResgDet(a;))(0) 
by (|7.10p it is enough to show N(x) = 1. Note that since x has trivial image in i?[G ab ], 

Det(JV(a?))(ljr) = (Res^Det(x))(l // ) = Det(a;)(Indf l H ) = 1, 

and so N(x) G 1 + I(R[H]). Moreover by Step 1, since H is abelian, we know that N(x) = h 
for some h G H. Again we write x = ^2 gG QX g g; since x has trivial image in R[G ab ], we 
deduce that for each / 6 G 



gef[G,G] 

so raising to the p-th power we get 



1 if /€ [G,G] 
Oif [G,G] 



X 9 



1 mod p if / G [G, G] 
mod p if / i [G, G] . 



E 

gef[G,G] 

The restriction of t to [G, G] is trivial and therefore 

h = N(x) = ^2 x p g t{g) mod T 

g&G 

= E *(/) E 4 modT 

f&G/[G,G\ gef[G,G] 
= 1 mod (T,p) 

and so h — 1 G (T,p). However, (T,p)nR C p.R, and so we conclude that /i = 1, as required. 
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Step 3. Consider an arbitrary finite p-group G and Det(x) € Det(l + I(R[G])) tors . By 
Step 1 we may assume that, after multiplying by a suitable group element, x, the image of x 
in i?[G ab ], is 1. We must show that Det(x)(x) = 1 for each non-abelian irreducible character 
X of G. By standard character theory we can write x = in d^r(#) for some subgroup H of G 
of index p\ we then put Det(x') = Resg (Det(x)). Since Det(x) has trivial image in R[G ], 
it follows that 

Det(x')(l H ) = Resf (Det(aj))(l ff ) = Det(x)(Indglff) = 1. 

So by Proposition 13,11 (a), 

Det(x') € Bet(GL p (R[H],I(R[H]))) = Det(R[H] x ) 

that is to say we have now shown that we can take x' E 1 + I(R[H]) (and not just in 
GL p (R[H]) .) We then consider the commutative diagram with natural maps: 

Det(l + I(R[G])) A Det(l + I (R[G / [H , H}})) S Det(l + I(R[G ah })) 

| Res i Res 

Det(l + I(R[H])) 4 Det(l + I(ii[i/ ab ])). 

To conclude: by Step 2 we know that r(Det(x)) = 1; hence by the commutative diagram 

r' o Resg(Det(x)) = r'(Det(x')) = 1. 

By induction on the group order, we know that Det(x') = 1, and thus 

Det(»(x) = Det(x)(Indf 0) = Resf (Det(x))(0) = Bet(x')(9) = 1. □ 
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